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An analytic map *φ* of the disk to itself is said to have a finite angular derivative at a point *ζ* on the boundary of the disk if there exists a point *η*, also on the boundary of the disk, such that the nontangential limit as $\documentclass[12pt]{minimal}
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In the second section, we investigate Fredholm and invertible weighted composition operators. In Theorem [2.7](#FPar12){ref-type="sec"}, we show that the operator $\documentclass[12pt]{minimal}
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In the third section, we investigate the Fredholm operators $\documentclass[12pt]{minimal}
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========================================================================

Let *H* be a Hilbert space. The set of all bounded operators from *H* into itself is denoted by $\documentclass[12pt]{minimal}
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If *f* is defined on a set *V* and if there is a positive constant *m* such that $\documentclass[12pt]{minimal}
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Suppose that *T* belongs to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Suppose that *φ* is an analytic self-map of $\documentclass[12pt]{minimal}
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Now we state the following simple and well-known lemma, and we frequently use it in this paper.

Lemma 2.1 {#FPar1}
---------
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In this paper, for convenience, we assume that $\documentclass[12pt]{minimal}
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Lemma 2.2 {#FPar2}
---------

*Suppose that* *A* *and* *B* *are two bounded operators on a Hilbert space* *H*. *If* *AB* *is a Fredholm operator*, *then* *B* *is left semi*-*Fredholm*.

Proof {#FPar3}
-----

Suppose that *AB* is a Fredholm operator. Then there are a bounded operator *C* and a compact operator *K* such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$CAB=I+K$\end{document}$. Therefore *B* is left semi-Fredholm. □

Zhao \[[@CR13]\] characterized Fredholm weighted composition operators on $\documentclass[12pt]{minimal}
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Proposition 2.3 {#FPar4}
---------------
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Proof {#FPar5}
-----
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                \begin{document}$A_{\alpha}^{2}$\end{document}$. Assume that *ψ* is not bounded away from zero near the unit circle. Then for each positive integer *n*, there is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x_{n} \in\mathbb{D}$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$1-1/n < |x_{n}| < 1$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Bourdon \[[@CR21], Theorem 3.4\] obtained the following corollary; we give another proof (see also \[[@CR22], Theorem 2.0.1\]).
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Proof {#FPar11}
-----

It is easy to see that *ψ* is bounded away from zero near the unit circle. Therefore the result follows from Proposition [2.3](#FPar4){ref-type="sec"} and Corollary [2.5](#FPar8){ref-type="sec"}. □

Theorem 2.7 {#FPar12}
-----------
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Example 3.1 {#FPar13}
-----------
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By the preceding example it seems natural to conjecture that if $\documentclass[12pt]{minimal}
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Theorem 3.2 {#FPar14}
-----------
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Proof {#FPar15}
-----
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